In this paper, we present a method of higher-order analysis on bifurcation of small limit cycles around an elementary center of integrable systems under perturbations. This method is equivalent to higher-order Melinikov function approach used for studying bifurcation of limit cycles around a center but simpler. Attention is focused on planar cubic polynomial systems and particularly it is shown that the system studied by H.Żo ladek in the article Eleven small limit cycles in a cubic vector field (Nonlinearity 8, 843-860, 1995) can indeed have eleven limit cycles under perturbations at least up to 7th order. Moreover, the pattern of numbers of limit cycles produced near the center is discussed up to 39th-order perturbations, and no more than eleven limit cycles are found.
Introduction
Bifurcation theory of limit cycles is important for both theoretical development of qualitative analysis and applications in solving real problems. It is closely related to the well-known Hilbert's 16th problem [2] , whose second part asks for the upper bound, called Hilbert number H(n), on the number of limit cycles that the following system, dx dt = P n (x, y), dy dt = Q n (x, y),
can have, where P n (x, y) and Q n (x, y) represent n th -degree polynomials in x and y. This problem has motivated many mathematicians and researchers in other disciplines to develop mathematical theories and methodologies in the areas of differential equations and dynamical systems. However, this problem has not been completely solved even for quadratic systems since Hilbert proposed the problem in the Second Congress of World Mathematicians in 1900. The maximal number of limit cycles obtained for some quadratic systems is 4 [3, 4] . However, whether H(2) = 4 is still open. For cubic polynomial systems, many results have been obtained on the lower bound of the number of limit cycles. So far, the best result for cubic systems is H(3) ≥ 13 [5, 6] . Note that the 13 limit cycles obtained in [5, 6] are distributed around several singular points.
When the problem is restricted to consider the maximum number of smallamplitude limit cycles, denoted by M(n), bifurcating from a focus or a center in system (1) , one of the best-known results is M(2) = 3, which was obtained by Bautin in 1952 [10] . For n = 3, a number of results in this research direction have been obtained. So far the best result for the number of small limit cycles around a focus is 9 [11, 12, 13] , and that around a center is 12 [14] .
One of powerful tools used for analyzing local bifurcation of limit cycles around a focus or a center is normal form theory (e.g., see [15, 16, 17, 18] ). Suppose system (1) has an elementary focus or an elementary center at the origin. With the computation methods using computer algebra systems (e.g., see [9, 19, 20, 21, 22] ), we obtain the normal form expressed in polar coordinates as dr dt = r v 0 + v 1 r 2 + v 2 r 4 + · · · + v k r 2k + · · · ,
where r and θ represent the amplitude and phase of motion, respectively. v k (k = 0, 1, 2, · · · ) is called the kth-order focus value. v 0 and τ 0 are obtained from linear analysis. The first equation of (2) can be used for studying bifurcation and stability of limit cycles, while the second equation can be used to determine the frequency of the bifurcating periodic motion. Moreover, the coefficients τ j can be used to determine the order or critical periods of a center (when v j = 0, j ≥ 0).
A particular attention has been paid to near-integrable polynomial systems, described in the form of dx dt = M −1 (x, y, µ)H y (x, y, µ) + ε p(x, y, ε, δ), dy dt = −M −1 (x, y, µ)H x (x, y, µ) + ε q(x, y, ε, δ),
where 0 < ε ≪ 1, µ and δ are vector parameters; H(x, y, µ) is an analytic function in x, y and µ; p(x, y, ε, δ) and q(x, y, ε, δ) are polynomials in x and y, and analytic in δ and ε. M(x, y, µ) is an integrating factor of the unperturbed system (3)| ε=0 . Suppose the unperturbed system (3)| ε=0 has an elementary center. Then, considering limit cycles bifurcation in system (3) around the center, we may use the normal form theory to obtain the first equation of (2) as follows:
where
in which V ik denotes the ith ε k -order focus value, and will be used throughout this paper. Note that v i (ε) = O(ε) since the unperturbed system (3)| ε=0 is an integrable system. Further, because system (3) is analytic in ε, we can rearrange the terms in (4) , and obtain
V ik r 2i+1 , k = 1, 2, . . . .
Similarly, for the normal form of system (3) we have the θ differential equation, given by dθ dt = T 0 (r) + O(ε), with T 0 (0) = 0, and thus
Assume the solution r(θ, ρ, ε) of (7), satisfying the initial condition r(0, ρ, ε) = ρ, is given in the form of r(θ, ρ, ε) = r 0 (θ, ρ) + r 1 (θ, ρ)ε + r 2 (θ, ρ)ε 2 + · · · + r k (θ, ρ)ε k + · · · , with 0 < ρ ≪ 1. Then, r 0 (0, ρ) = ρ and r k (0, ρ) = 0, for k ≥ 1.
If there exists a positive integer K such that V k (r) ≡ 0, 1 ≤ k < K, and V K (r) ≡ 0, then it follows from (7) that
Thus, the displacement function d(ρ) of system (7) can be written as
Therefore, if we want to determine the number of small-amplitude limit cycles bifurcating from the center in system (3), we only need to study the number of isolated zeros of V K (ρ) for 0 < ρ ≪ 1, and have to obtain the expression of the first non-zero coefficient
The above discussions show that the basic idea of using focus values is actually the same as that of the Melnikov function method. Using H(x, y) = h to parameterize the section (i.e. the Poincaré map), we obtain the displacement function of (3), given by
evaluated along closed orbits H(x, y, µ) = h for h ∈ (h 1 , h 2 ). Then, we can study the first non-zero Melnikov function M k (h) in (9) to determine the number of limit cycles in system (3). In the following, we remark on the comparison of the Melnikov function method and the method of normal forms (or focus values). 
have the same maximum number of isolated zeros.
(2) As we can see, V k (r) can be obtained by the computation of normal forms or focus values. (3) In particular, when the original system is not a Hamiltonian system but an integrable system, then even computing the coefficients of the firstorder Melnikov function is much more involved than the computation of using the method of normal forms. (4) However, the method of normal forms (or focus values) is restricted to Hopf and generalized Hopf bifurcations, while the Melnikov function method can also be applied to study bifurcation of limit cycles from homoclinic/heteroclinic loops or any closed orbits.
When we apply the method of normal form computation, some unnecessary perturbation parameters are involved in the computation of high-order focus values, which could be extremely computation demanding (in both time and memory), and makes it much more difficult to solve the problem. Meanwhile, before we use the first non-zero coefficient V K (r) in (5) to find limit cycles, we need to prove V k (r) ≡ 0, 1 ≤ k < K. The unnecessary parameters involved could greatly increase the difficulty of proving that.
In this paper, without loss of limit cycles, we introduce a linear transformation to eliminate unnecessary parameters from system (3). With less parameters in (3), we can use the approximation of first integrals to prove V k (r) ≡ 0. The idea will be illuminated in Section 2.
We will apply our method to study the bifurcation of small-amplitude limit cycles in the system
in which a ijk and b ijk are ε k th-order coefficients (parameters). The unperturbed system (11)| ε=0 has a rational Darboux integral [23] ,
with the integrating factor M = 20f
2 . It can be shown that for a < −2 5/4 , system (11)| ε=0 has a center at E 0 = (−
). The system (11)| ε=0 was proposed in [23] , and it was claimed that this system could have 11 limit cycles around the center by studying the second-order Melnikov function. Later, Yu and Han applied the normal form computation method and got only 9 limit cycles around E 0 [24] by analyzing the ε-and ε 2 -order focus values. Recently, it has been shown [25] that errors are made in [23] for choosing 12 integrals as the basis of the linear space of corresponding Melnikov functions of system (11)| ε=0 . In fact, among the 12 chosen integrals, two of them can be expressed as linear combinations of the other ten integrals, and therefore only 9 limit cycles can exist, agreeing with that shown in [24] .
The rest of the paper is organized as follows. In the next section, we consider system (3), and construct a transformation to reduce the number of perturbation parameters, which greatly simplifies the analysis in the following section. Section 3 is devoted to the computation of higher ε k -order focus values and the existence of 11 limit cycles in system (11), which needs computing at least ε 7 -order focus values. Finally, conclusion is drawn in Section 4.
Preliminaries
The method of focus values (or normal forms) is one of important and powerful tools for the study of small-amplitude limit cycles generated from Hopf bifurcation. In general, a sufficient number of focus values would be needed if one wants to find more small-amplitude limit cycles. One main challenge is that the computation of focus values becomes more and more difficult as the order of focus values goes up. That is why computer algebra systems such as Maple and Mathematica have been used for computing the focus values to improve the computational efficiency (e.g. see [21, 22] ). Another approach is to eliminate certain parameters from the system, which is the method we shall develop here for near-integrable systems.
In most studies of near-integrable systems, full perturbations like those polynomials p(x, y, ε, δ) and q(x, y, ε, δ) given in system (3) are considered. The parameter vector δ usually represents the coefficients in p and q. When normal forms are used to study small limit cycles, it is easy to get and solve the focus values of ε order (coefficients in V 1 (r)), because they are linear functions of the system parameters, namely the coefficients in p(x, y, 0, δ) and q(x, y, 0, δ). For the ε k -order focus values (coefficients in V k (r)), more parameters would be involved in the computation. One can observe that some parameters are not necessary for obtaining the maximum number of limit cycles, and they only increase the difficulty in finding limit cycles. When the first n functions V k (r) in (5), 1 ≤ k ≤ n are applied to studying bifurcation of limit cycles, in order to remove unnecessary parameters without reducing the number of limit cycles, we may use the following transformation:
Note that (14)| ε=0 is an identity map. Thus, (14) keeps the unperturbed system of (3) unchanged. Furthermore, the new system obtained by using (14) can be still written in the same form of (3). So we only need to find proper e i (ε)'s to get simpler perturbation functions without loss of generality.
To illustrate how to obtain e i (ε), we take system (11) as an example. The coefficients a ijk and b ijk in (11) are the parameters. Substituting the transformation (14) into system (11) yields
wherẽ
Obviously, the coefficientsã ijk andb ijk in (16) are linear in e mk , m = 1, . . . , 8. Let E k = (e 1k , e 2k , · · · , e 8k )
T . For any 1 ≤ k ≤ n,ã ijk andb ijk can be written in the form of
where A ij and B ij are 1 × 8 matrices, and η ijk and ζ ijk , given by
are polynomials in e ml , 1 ≤ l ≤ k − 1, and the coefficients in the perturbation functions (12) . Note that A ij and B ij are not dependent on k. We hope that we can find some proper values for e ik to make some of the coefficientsã ijk andb ijk vanish or satisfy some conditions, so that the computation of the focus values would become easier. For instance, we can choose for 1 ≤ k ≤ n,
The last two equations in (18) keep the equilibrium of system (11) in a neighborhood of E 0 with radius o(ε n ). A direct computation yields
e 2k + e 3k + η 01k , a 20k = 3e 2k + 3e 3k + e 4k + η 20k ,ã 11k = e 5k + e 7k + η 11k , a 02k = −3e 2k + η 02k ,ã 30k = 2e 1k + ae 1k + e 7k + η 30k ,
whereη k andζ k are also functions in η ijl and ζ ijl with 1
, e 2k , e 3k , e 4k , e 5k , e 6k , e 7k , e 8k ) = 3 4 (32 − a 4 ) < 0 for a < −2 −5/4 , we can solve (19) for e mk to obtain
which can be rewritten by using (17) as
Note that e m1 only depends on a ij1 and b ij1 . Therefore, for all 1 ≤ m ≤ 8, 1 ≤ k ≤ n, e mk can be expressed as a polynomial in a ijl and
In other words, (18) has solutions for all 1 ≤ k ≤ n.
Thus, without loss of generality, we assume that (12) takes the following form,
with
(21) As mentioned in Section 1, to find limit cycles around E 0 in system (11), we apply normal form theory to compute the focus values and then solve the multivariate polynomial equations based on the focus values. Particularly, we have
solved from the zeroth-order focus value V 0k = 0, where
Higher-order focus values are relatively complex, and we shall study them in Section 3.
When we want to use focus values V iK in V K (r), i = 0, 1, 2, · · · , to study limit cycles, we first need to show
. In order to prove this, we use the approximation of first integrals, and claim that if there exists an analytic function H K (x, y, ε) such that
. This claim can be easily proved by using the closed contour H K = h as the parameter to express the displacement function.
Usually, like that considered in [14, 24] the method of focus values is used only to prove how many limit cycles around the equilibrium point that system (3) can have. Combining it with the approximation of first integrals, we can obtain the maximal number of small limit cycles for parameters in a neighborhood of critical conditions. Furthermore, if the focus values are linear functions in parameters, we have a global result as follows.
Theorem 1 (Theorem 2.4.3 in [1] ). Consider system (5) and assume V k (r) ≡ 0, 1 ≤ k < K. Suppose that for an integer m ≥ 1, each V iK , 0 ≤ i < m is linear in δ, and further the following two conditions hold:
Then, for any given N > 0, there exist ε 0 > 0 and a neighborhood V of the origin such that system (3) has at most m − 1 limit cycles in V for 0 < |ε| < ε 0 , |δ| ≤ N. Moreover, m − 1 limit cycles can appear in an arbitrary neighborhood of the origin for some values of (ε, δ).
The above theorem can be proved following the proof given in [1] with a minor modification. So the proof is omitted here.
3. Higher-order analysis leading to 11 limit cycles in system (11) In this section, we focus on system (11) and show that it can have 11 limit cycles by using perturbations at least up to 7th order. In the following, we will use the transformed system (11) with the simplified perturbations given in (19) for the analysis.
In order to compute the focus values of this system, we first shift the equilibrium of system (11)
+ o(ε n )) to the origin and then use a computer algebra system and software package (e.g., the Maple program in [19] ) to obtain the focus values in terms of the parameters a, a ijk and b ijk . We shall give detailed analysis for the first few lower-order focus values, and then summarize the results obtained from higher-order analysis.
For convenience, define the vectors:
where in S 10 k , k = 7m for Case (A) and k = 13m for Case (B) (m ≥ 1, integer) to be considered in Sections 3.4 and 3.5; and the determinants:
and the functions:
Note that F i = 0, i = 1, 2, 3, and G i = 0, i = 1, 2, . . . , 9, since a 4 −32 > 0 for a < −2 −5/4 .
ε-and ε 2 -order analysis
The ε-order focus values V 11 , V 21 , · · · , V 111 are obtained by using the algorithm and Maple program developed in [19] . Their expressions are lengthy, and here we only present the first one for brevity, 
It is noted that all V i1 's are linear polynomials in a ij1 and b ij1 . It can be shown that det
In fact, with the solution of S 
where G i 's are given in (27). Noticing G 1 = 0 for a < −2 5/4 , we have V 91 = 0 if a 031 = 0. Moreover, det 
where C i 's are given in Appendix A. We have the following result.
Theorem 2.
The equilibrium E 0 of system (11) is a center up to ε-order, i.e. all ε-order focus values vanish if and only if the condition S 8 1c holds. Furthermore, there exist at most 9 small limit cycles around E 0 for all parameters a ij1 and b ij1 , and 9 small limit cycles can be obtained for some parameter values near S Proof. The existence of 9 small limit cycles has been shown under the solution S (24) to obtain the following ε-order approximation of the first integral,
where f 1 and f 2 are given in (13) 
This implies that setting the first 10 focus values V i1 = 0, i = 0, · · · , 9 yields V i1 = 0 for all i ≥ 10. Moreover, due to that all V i1 are linear in all parameters a ij1 and b ij1 , by Theorem 1 at most 9 small limit cycles can be obtained for this case. The proof is complete. Now suppose the condition S 8 1c holds and so all ε-order focus values vanish, we then need to use the ε 2 -order focus values to study bifurcation of limit cycles. With an almost exact same procedure as that used in the ε-order analysis, we can find a solution S 
where F 1 and G i 's are given in (27). Note that the above equations are exactly the same as those given in (29) and (30), if we replace k = 1 by k = 2 in (29) and (30). This clearly shows that there can exist 9 limit cycles around the equilibrium E 0 when all ε-order focus values vanish. It is also noted that all V i2 are linear polynomials in a ij2 and b ij2 .
Similarly, we see that setting a 032 = 0 in (34) yields V 92 = V 102 = V 112 = 0, implying that the solution S :
where C i 's are given in Appendix A.
We have the following theorem. holds. Furthermore, there exist at most 9 small limit cycles around E 0 for all parameters a ij2 and b ij2 , and 9 small limit cycles exist for some parameter values near S Proof. Similarly, we only need to prove sufficiency. With S 
where f 11 and f 21 are given in H 1 (x, y, ε) (see Eq. 32), and
The existence of 9 small limit cycles is easily seen from V 92 = 0 and det is the unique solution of V i2 = 0, 0 ≤ i ≤ 9. Then by Theorem 1, at most 9 small limit cycles can be obtained around E 0 for all parameters a ij2 and b ij2 .
ε 3 -order analysis
In this section, we assume the critical condition {S hold, under which all ε-and ε 2 -order focus values vanish. Thus, we use ε 3 -order focus values V i3 to study bifurcation of limit cycles around the equilibrium E 0 . With a similar procedure, but for this order, we solve 9 equations W 37) where F 2 and G i 's are given in (27). Note that for this order, there is one more independent coefficient a 033 in S : in which r i , i = 1, 2, 3, 4 are given in (33), and s 2 , s 5 and t i , i = 1, 2, . . . , 6 are listed in Appendix B. This implies that setting V i3 = 0, 0 ≤ i ≤ 10 yields V i3 = 0 for all i ≥ 11. Then, there exist at most 10 small limit cycles for this case. On the other hand, 10 small limit cycles exist since when a 121 = 0, V 101 = 0 and det 9 3 = 0.
ε 4 -ε 6 -order analysis
The analyses for ε 4 -, ε 5 -and ε 6 -order are similar to that of ε 1 -, ε 2 -and ε 3 -order, respectively. Let {S 
which has the exactly same form of the equations as those given in (30) and (34), implying that perturbing the ε 4 -order focus values from the solution S 8 4 and b 014 (see (22) ) can yield 9 limit cycles around the equilibrium E 0 . Similarly, the solution S Remark 2. The proof for the center conditions in Theorem 5 is similar to that in proving Theorems 2, 3 and 4 by finding the ε 4 -order and ε 5 -order approximations of the first integrals. This is the major and tedious part. For higher-order analysis, the proofs are similar. We omit the detailed proofs in the following analysis for brevity.
Next, suppose the condition {S 44) which indeed shows the existence of 10 limit cycles around the equilibrium E 0 , generated from perturbing the ε 6 -order focus values near the solution S 9 6 under the condition {S with either a 122 = − ), the equilibrium E 0 becomes a center up to ε 6 order. We have the following theorem for this order.
Theorem 6. System (11) can have maximal 10 limit cycles bifurcating from the equilibrium E 0 under the condition {S 
Higher-order analysis for Case (A)
First we consider Case (A), under which we will show that 11 limit cycles can bifurcate from the equilibrium E 0 based on the ε 7 -order focus values. 
which shows that det 
which clearly shows that V 117 = 0 if a 211 = 0. In addition, due to det 10 7 = 0 when a 211 = 0, implying that 11 small limit cycles exist.
Letting a 211 = 0, we have V 117 = V 127 = V 137 = 0, leading to a critical condition S 
The equilibrium E 0 of (11) becomes a center up to ε 7 order under S 10 7c for which all ε 7 -order focus values vanish. Furthermore, there exist 11 small limit cycles around E 0 for parameter values of a ij7 and b ij7 near the critical point S 10 7c .
Higher-order analysis
For higher-order analysis (k ≥ 8), we first briefly list the results for a few orders to see the patterns and then summarize the results in a table for higher orders.
The analysis on ε k (k = 8, 9, 10, 11) orders show the same pattern, giving 9 limit cycles for each order, as follows:
where {S This clearly shows that for each order of k = 8, 9, 10, 11, one can solve A 03k = 0 to get a unique solution for a 03k under which (together with the solutions S m k and b 01k obtained in the previous orders and the current order) the equilibrium E 0 becomes a center up to that order.
When the equilibrium E 0 is a center up to 11th order, as given in (49) we obtain the following result for order 12:
Order 12 : {S and a 124 = 0, which are again similar to that as in order 6. When a 124 = 0, it will be shown in Section 4.7 that it yields the same pattern as that for Case (B) in higher orders. So in this section, we choose a 124 = − , under which (together with the solutions obtained from previous orders and this order) the equilibrium E 0 becomes a center up to ε 12 order. Then, we have the result for ε 13 order:
Order 13 : {S a 212 a 213 , det
which shows that perturbing ε 13 -order focus values can also yield 10 small limit cycles around the equilibrium E 0 . It can be seen from (51) that either a 212 = 0 or a 125 = − 9 4 a 212 a 213 leads to the equilibrium E 0 being a center. However, it can be shown that setting a 212 = 0 at this order will not yield 11 small limit cycles at the next order though it will resume the same pattern at higher orders.
So let a 125 = − 
which shows that perturbing ε 14 -order focus values can yield 11 limit cycles around the equilibrium E 0 , and setting a 212 = 0 leads to E 0 being a center up to ε 14 order. It has been noted that choosing a 212 = 0 at order 13 or 14 makes differences. More precisely, as shown in Table 1 , if taking a 125 = − 9 4 a 212 a 213 at order 13, we have small limit cycles 11, 9, 9, 9, 9 for the orders 14-18; while if taking a 212 = 0 at order 13, then the limit cycles obtained for the orders 14-18 are 9, 10, 9, 9, 10, and then the two different choices merge into the same pattern from order 19. Note that the choice a 212 = 0 at order 13 does not yield 11 small limit cycles at order 14, but gives two more 10 small limit cycles at orders 15 and 18. However, it returns to the general pattern at order 19. So we treat a 212 = 0 as a special case of the case a 125 = − 9 4 a 212 a 213 . Summarizing the above results we have the following pattern: 11 limit cycles are obtained from ε 7 order, then 9 limit cycles from four consecutive ε k orders (k = 8, 9, 10, 11), and then 10 limit cycles from two consecutive ε k orders (k = 12, 13), and finally return to 11 limit cycles at ε 14 order. This pattern, starting from order 8, four 9 limit cycles, followed by two 10 limit cycles, and then 11 limit cycle, has been verified up to ε 35 order. We call this as 9
4 -10 2 -11 1 generic pattern, and the corresponding solution (or center condition) is called generic solution (or generic center condition). By generic we mean that one should always choose a non-zero solution (if it exists) when one solves the center conditions at each order. Other types of solutions are called non-generic. For example, as discussed above, if choosing the nongeneric solution a 212 = 0 at order 13, then 11 limit cycles will be missed at order 14 but the solution procedure will return to the generic 9 4 -10 2 -11 1 pattern at order 19. However, it should be noted that a non-generic solution in Case (A) does not always lead to the generic 9 4 -10 2 -11 1 pattern. For instance, choosing the non-generic solution a 124 = 0 at order 12 will generate solutions in the form of generic patter of Case (B) at a higher order, as shown in the next section.
Remark 3. It has been observed from the above analysis, the values of the parameter a in the Hamiltonian function does not affect the number of limit cycles. In other words, a can not be used to increase the number of bifurcating limit cycles. Thus, to simply the computations in higher order analysis, we set a = − 3 in higher-order (k ≥ 15) computations, which greatly simplify the computations.
We summarize the results of Case (A) in Table 1 , where k is the order of ε 
where '· · · ' represents the omitted lengthy expressions for brevity. In addition, in Table 1 , the blue and red colors denote the solutions and center conditions corresponding to the 10 and 11 small limit cycle, respectively. 
Higher-order analysis for Case (B)
We now turn to Case (B) for which we choose a 122 = 0 at ε 6 order. Thus, the results starting from ε 6 order are different from those given in Table 1 . Now under the condition a 122 = 0, together with the conditions obtained in previous orders, the equilibrium E 0 becomes a center up to ε 6 order. Then for ε 7 -order focus values we solve W which shows that for Case (B) only 9 small limit cycles can be obtained from ε 7 -order. Then, solving A 037 = 0 gives a unique solution for a 037 , under which, together with the conditions obtained in the previous orders as well as S Thus, for the equilibrium E 0 being a center up to ε 9 order, a 123 must be taken zero (with b 019 ), yielding the same result as that generated from Case (A) at order 9 (and so the result at order 8 also becomes same). In other words, choosing the non-generic solution a 211 = 0 at order 8 makes the higher-order solutions (k ≥ 9) follow the generic pattern of Case (A). Now we consider the choice a 123 = 0 at ε 8 order. It can be shown that under this condition only 9 limit cycles exist for ε 9 order. Then for the ε 10 order, we solve W 
is a generic solution for Case (B), different from the generic pattern of Case (A). Then, following a similar computation procedure as that used in Case (A), we obtain the generic solutions up to ε 39 order. The results are given in Table 2 , showing a 9 6 -10 6 -11 1 generic pattern, starting from order 14. The notations used in this table are the same as that used in Table 1 . For each k, the key coefficient used to obtain the center condition is give below. 4 -10 2 -11 1 generic pattern of Case (A) for orders greater than 10 or 11. These two examples give a route from Case (B) to Case (A). In this section, we present several more non-generic solutions to show other possibilities that they eventually return to either the 9 4 -10 2 -11 1 generic pattern of Case (A) or 9 6 -10 6 -11 1 generic pattern of Case (B). Other cases can be similarly discussed. Since the discussions for different cases are similar, we will not give the details but list the cases below and summarize the results in Table 3 . For each k, the key coefficient used to obtain the center condition is given below.
Case (A1) k = 13 a 212 = 0 k = 14 a 0314 = − followed by six consecutive 10 limit cycles, and then one 11 limit cycles up to ε 39 order. Other non-generic solutions deviate from the current pattern for certain orders and eventually return to either the 9 4 -10 2 -11 1 pattern or the 9 6 -10 6 -11 1 pattern.
Finally, we propose a conjecture on the number of limit cycles around E 0 for system (11) .
Conjecture. For the perturbed system (11), the maximal number of small limit cycles which can bifurcate from the equilibrium E 0 is 11,
Conclusion
In this paper, we have applied high-order focus value computation to prove that system (11) can have 11 limit cycles around the equilibrium of (11), obtained by perturbing at least ε 7 -order focus values. Moreover, no more than 11 limit cycles can be found up to ε 39 -order analysis. It is believed that system (11) can have maximal 11 small limit cycles around the equilibrium.
